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Ventaja cudntica en la simulacién de procesos estocasticos.
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Ventaja cuantica en la simulacidon de procesos estocasticos.

Temas a tratar:

Motivacidn

Embbedability of stochastic processes

Space-time cost of a stochastic process

Role of memory in state transformations
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Motivacion

Sabemos que existen problemas cuya solucién puede ser muy dificil de hallar con computadoras
cldsicas. Sin embargo, algunos de ellos pueden ser resueltos de manera mucho mds sencilla
efectuando operaciones sobre un sistema cuantico. En esto se basa la computacién cuantica.
Ejemplos de algotimos que presentan una ventaja cudntica son

o Deutsch—Jozsa

e Shor

e Quantum Fourier transform

i Serd posible también aprovechar los sistemas cudnticos para computar mas eficientemente
procesos estocdsticos?
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Motivacion

(a) Classical bit swap
1 memory state, 3 time steps
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(b) Quantum bit swap
0 memory states, 1 time step
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Embbedability of stochastic processes

iQué es un proceso estocastico? Dado un vector de probabilidad p € [0, 1], 27:1 pi=1

Un proceso o matriz estocdstica es una matriz P € [0,1]7%9 tal que

Py; >0, ZP,.” =1,

Entonces gq= Pp es también un vector de probabilidad.

Nos interesan especialmente los procesos estocdsticos que no requieren memoria (markovianos)
ya que pueden ser implementados de manera especialmente eficiente.
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Embbedability of stochastic processes

Classical embbedability

Se dice que P es embbedable o que no requiere memoria si existe P(t) tal que

%P(;} = L()P(r),  P(0)=1.
L
y P = P(tr), siendo

L"-l-r -:‘_" ﬂ fﬂr [ 5&“]'.. E .Lr'lll' — ﬂ;
i
Una condicidn necesaria para que una matriz P sea embbedable es que

[Py = detP > 0.

I
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Embbedability of stochastic processes

Estado cudntico dado por un operador densidad p en un espacio de Hilbert d-dimensional H4
de base {|k)}1<k<q4. Evoluciona temporalmente hasta el estado p’ = £(p), £ es un canal
cuantico (completely positive trace preserving map). Estado p, = >, p«|k) (k| aplicamos
e(pp), la probabilidad de encontrar al sistema en cada estado de la base viene dada por Pp con

Py; = (|E(MIDIE.
Un canal cudntico € es markoviano si existe £(t) tal que

{ . " .
%gm =L(EW).  &(0)=1,
[

con ¢ = &(tr), siendo

£() = —i[H, ] + ®(") —% (@*(1).-}.
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Embbedability of stochastic processes

Quantum embbedability

Una matriz estocastica P es quantum embbedable si existe un canal markoviano cudntico ¢ tal

Py; = GIEXIDI.

que

No todas las quantum embbedable son classically embbedable

P:[1/3 2/3} U:[ 1/3 \/2/_3]
2/3 1/3 2/3 —\/1/3

P es quantum embbedable con ¢(.) = UT(.)U pero det P < 0 no es clasically embbedable.
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Embbedability of stochastic processes

Todas las matrices embbedable son quantum embbedable.

Dada una matriz embbedable P con generador L, basta definir a £ como
ij

No vale la inversa! Las matrices de permutacién 1 satisfacen

detll==1,  J[m=o0.

Con lo cual no verifican la condicién de embbedable. Sin embargo, son unitarias y entonces
pueden ser generadas por un hamiltoniano lo que las hace quantum embbedable.

9/21



Embbedability of stochastic processes

Lemma 1 (Monoid property). The set of quantum-
embeddable stochastic matrices contains identity and is

closed under composition; i.e., if P and Q are quantum
embeddable, then PQ is also.

Corollary 2. All 2 x 2 stochastic matrices are quantum
embeddable.

Es decir que cualquier proceso estocdstico (de 2x2) por mas memoria que requiera cldsicamente
puede ser procesado cudnticamente con un qubit sin ninguna memoria adicional!
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Space-time cost of a stochastic process

Classical space-time cost

Definition 2 (Space cost). The space cost of a d x d
stochastic matrix P, denoted Cy,..(P), is the minimum m

such that a (d+ m) x (d + m) embeddable matrix Q
implements P.

Definition 3 (One-step process). A stochastic matrix T

is called a one-step process if

(1) it is embeddable;

(2) the controls L(t) that generate T at time ¢, through
Eq. (3) can be chosen such that the set of nonzero
transition probabilities of P(r) is the same for
all t € (0,1;).

Definition 4 (Time cost). The time cost Cy,. (P, m) of a
d x d stochastic matrix P, while allowing for m memory
states, is the minimum number 7 of one-step stochastic
matrices T of dimension (d + m) x (d + m) such that

Q=T ... implements P. 11/21



Space-time cost of a stochastic process

Quantum space-time cost

Definition 5 (Quantum space cost). The quantum space
cost of a d x d stochastic matrix P, denoted Qyp,.(P), is
the minimum m such that the (d + m) x (d + m) quantum-
embeddable matrix Q implements P.

Definition 6 (Quantum time cost) The quantum time
cost Qume(P,m) of a dxd stochastic matrix P, while
allowing for m memory states, is the minimum 7 such that
there exist time-independent Lindbladians £, ..., £, on a
(d + m) x (d + m)-dimensional Hilbert space and

Qupj = (il -+ £ (1)) i) (24)

implements P.
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Space-time cost of a stochastic process

Classical cost

Ejemplo, espacio de cadenas de longitud s: d = 2°, implementar la funcién (/) =i ® 1:
Ctime(Pg, m) > 2°/m es exponencial en la longitud de la cadena. Cudnticamente es una

Let Py be a {0,1}-valued d xd stochastic matrix
defined by a function f:Z,; — Z,. Let fix(f) be the
number of fixed points of f, |img(f)| the dimension of
the image of f, and ¢(f) the number of cycles of f, i.e., the
number of distinct orbits of elements of {1, ...,d} of the
form {i, f(i), f(f(i)).....i}. Recently, the following result
has been shown.

Theorem 3 (Classical cost of a function [10]). The time
cost of a {0, 1}-valued stochastic matrix P described by a
function f is given by

Clime(Pf-m): [m+d+2?£;(_f|-?;£€f(;]|_ﬁ)((f)-| +bf('m)
m—+d—fix(f)
el >

where b(m) =0 or 1 and [-] is the ceiling function.

permutacién que es quantum embbedable.
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Space-time cost of a stochastic process

Quantum advantage

Theorem 4 (Quantum cost of a function). For any
m 2 0 and any function f, we have Qe (P, m) < 2.

1010 B

Time cost

10' - fi: Classical trade-off b

10
ATl f: Quantum trade-off

10°

. . . .
10° 0% 10! 10° 0* 10"
Space cost

FIG. 5. Classical versus quantum space-time trade-off.
The optimal trade-off between space cost and time cost of
implementing stochastic matrices for a system of s = 32 bits,
ie., with dimension d = 2% (plotted in log-log scale). Solid
colored curves correspond to optimal trade-offs for lly
implementing exemplary {0, 1}-valued stochastic matrices de-
scribed by functions f(i) =i @ | (addition modulo d) and
fali) = minfi + 22,2 =1}, as analyzed in Ref. [10]. The
dashed black curve corresponds to optimal trade-offs for quan-
tumly implementing any {0.1}-valued stochastic matrix, thus
illustrating a quantum advantage.
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Role of memory in state transformations

Accesibility regions

Classical

Por ejemplo, si P es un proceso de termalizacién el punto fijo v serd el estado térmico dado por

Definition 7 (Classical accessibility). A distribution g is
accessible from p by a classical stochastic process with a
fixed point y if there exists a stochastic matrix P, such that

Pp=gq and Py=y. 27)

We denote the set of all ¢ accessible from p given y
by C:'Iem(p).

Definition 8 (Classical memoryless accessibility). A
distribution g is accessible from p by a classical master
equation with a fixed point ¥ if there exists a continuous
one-parameter family L(r) of rate matrices generating a
family of stochastic matrices P(r), such that

Pliyp =4q. Lit)y=0 forallre[0,1;). (29)

We denote the set of all ¢ accessible from p given y

by C,(p).
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Role of memory in state transformations

Quantum

Definition 9 (Quantum accessibility). A distribution q is
accessible from p by quantum dynamics with a fixed point
y if there exists a quantum channel £, such that

E(f)p) =Pq and g(ﬂr) =Py (31)

We denote the set of all ¢ accessible from p given y
by Q}em(p).

Definition 10. [Quantum memoryless accessibility] A
distribution g is accessible from p by a quantum master
equation with a fixed point y if there exists a continuous
one-parameter family of Lindbladians £(r) generating a
family of quantum channels £(1), such that

Etr)lppl=pg.  L(1)[p] =0 forallze[0.1). (32)

We denote the set of all g accessible from p given y

by Q,(p).
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Role of memory in state transformations

iVentaja cuantica?

Q?«‘Jem(p} — C;s{enn(p)_

Theorem 5 (Maximal quantum advantage for uniform
fixed points). For every p and a uniform distribution
n=(1/d....,1/d), one has Q,(p) = C}'*"(p).

Hay una gra ventaja a temperatura infinita!

(1,0,0)

(0,0.1) S (0,1,0)
17/21
mperature ford = 3. We
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Role of memory in state transformations

Qubit a temperatura finita

Let us start by recalling the classical solution to this
problem. First, C‘,}’IE"’[p) can be obtained using the thermo-
majorization condition [38,40]. If p = (p. 1 — p), in terms
of the achievable ground-state populations, we have

p.l—ePEp] if p<1/Z

S (39)
1—ePEp,p] if p>1/Z.

C}l&dem (p) — {

Atraviesa el punto de equilibrio, information back-flow debido a la memoria.

fIpy/z) i p<iyz
q@_{ﬂﬁy]ﬁp>uz

18/21



Role of memory in state transformations

|0}0]

[1{1]

Result 1 (Quantum advantage at every finite
temperature—numerics). For d = 2, Q,(p) = C}**"(p).

This result showcases that the advantage of Theorem 5 is
not limited to the special case of a uniform fixed point
involving unitary dynamics. Superposition can substitute
memory in the control of classical systems at every finite
lemperature.

In order to prove Result I, we present an explicit
construction and numerical evidence for an even stronger
result.

Result 2. [Numerics] Every qubit state accessible via a
qubit channel with a given fixed point can be achieved by a
qubit Markovian master equation with the same fixed point.

[1¥1]
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Role

of memory in state transformations
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According to thermodynamics, the inevitable increase of entropy allows the past to be distinguished
from the future. From this perspective, any clock must incorporate an irreversible process that allows this
flow of entropy to be tracked. In addition, an integral part of a clock s a clockwork, that is, a system whose
purpose is to temporally concentrate the irreversible events that drive this entropic flow, thereby increasing

the accuracy of the resulting clock ticks compared to counting purely random equilibration events. In this
article, we formalize the task of temporal p as the inherent goal of any.
clockwork based on thermal gradients. Within this framework, we show that a perfect clockwork can be

approximated arbitrarily well by increasing its complexity. Furthermore, we combine such an idealized
clockwork model, comprised of many qubis, with an irreversible decay mechanism to showcase the
ultimate thermodynamic limits to the measurement of time.
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1 INTRODUCTION that measures time inevitably requires an irreversible part

that breaks this svmmetrv. Bv definition. the eauilibrium

Improved Thermal Area Law and Quasilinear Time Algorithm for Quantum Gibbs States
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On of the most undamenl pmhkm\ in quanum many-body physcs s the harceizaon of

bermal siaes with .

with the system

He

gencric many-body
Q) up o » g fctor, hreby sggcning subbllt propagaion of enanglement by
imaginary-time evolution. This qualitatvely diffes from the real-ime evolution, which usually induces

purifcation

function which provides & relationship between the imaginary-ime evolution and random walks.
Morcover, for one-dimensional (1D) systems with n spins, we prove that the Gibbs sate is well
with  sublinear = oflog(n)]. This proof

i 1

I y for the fi

i es of f = oflog(n)}
Our new technical ingredient i a block decomposition of the Gibs stae that bears @ esemblance o the
decompositon of realime evolution given by Haah er . [Proceedings of the 2018 IEEE 59th Anual
Symposium on Foundations of Compuer Science (FOCS) (IEEE, New York, 2018), pp. 350-360]
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Giulio Chiribella®,"? Yuxiang Yang®,” and Renato Renner’

'QICI Quantum Infe ion and C

The University

2Department of Computer Science, Universi
3nstitute for Theoretical Ph;

Initiative, Dej
of Hong Kong, Pokfulam Road, Hong Kong

of Oxford, Parks Road, Oxford OX1 30D, United Kingdom
ics, ETH Ziirich, 8093 Ziirich, Switzerland

of Computer Science,

(Received 15 November 2019; revised 14 January 2021; accepted 3 March 2021; published 15 April 2021)

Landauer’s principle asserts that any computation has an unavoidable energy cost that grows
proportionally to its degree of logical irreversibility. But even a logically reversible operation, when
run on a physical processor that operates on different energy levels, requires energy. Here we quantify this
energy requirement, providing upper and lower bounds that coincide up to a constant factor. We derive
these bounds from a general quantum resource-theoretic argument, which implies that the initial resource
requirement for implementing a unitary operation within an error € grows like 1/1/€ times the amount of
resource generated by the operation. Applying these results to quantum circuits, we find that their energy
requirement can, by an appropriate design, be made independent of their time complexity.
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